Linear equality systems with fuzzy parameters and crisp variables defined by the extension principle are called possibilistic linear equality systems. The study focuses on the problem of stability (with respect to perturbations of fuzzy parameters) of the solution in these systems.
Introduction
Modelling real world problems mathematically we often have to find the solution to a linear system a i1 x 1 + · · · + a in x n = b i , i = 1, . . . , m,
where a ij and b i are real numbers. It is known that the system of equations (1) generally belongs to the class of ill-posed problems, so a small perturbation of the parametersã ij ,b i may cause a large deviation in the solution. The system (1) with fuzzy parametersã ij ,b i and crisp variables x j is considered in a lot of paper [2, 4, 7] . Moreover, in [4] has been shown a stability property (with respect to changes of centres of fuzzy parameters) of the solution to the system (1) with symmetrical triangular fuzzy numbers. Our results are connected with those presented ones in [4] and generalize and extend them. Namely, we shall prove that the system (1) with Lipschitzian fuzzy numbers always belongs to the class of well-posed problems, so a small perturbation of the fuzzy parameters may cause only a small deviation in the solution.
Preliminaries
A fuzzy number is a fuzzy set on the real axis, i.e. mappingã:
associating with each real number t its grade of membershipã(t). To distinguish a fuzzy number from a crisp (non-fuzzy) one, the former will always be denoted with a tilde~. By F we denote the set of all fuzzy numbersã with the membership function having the following properties: (i)ã is upper semicontinuous; Ifã,b ∈ F and λ ∈ IR thenã +b,ã −b, λã are defined by the Zadeh's extension principle [9] in the usual way. An α-level set of a fuzzy numberã is a non-fuzzy set denoted by [ã] α and is defined by
where cl(suppã) denotes the closure of the support ofã. Letã ∈ F be a fuzzy number. Then from (i)-(iii) it follows that the α-level
It is well known that
The truth value of the assertion "ã is equal tob", which we writeã =b is Poss(ã =b) defined as
It is easily verified that
We define a metric D [3] in F by the equation
The following lemma can be proved directly by using the definition (5).
Lemma 2.1 Letã,b,c andd ∈ F and λ ∈ IR. Then
Let L > 0 be a real number. By F(L) we denote the set of all fuzzy numbersã ∈ F with membership function satisfying the Lipschitz condition with constant L , i.e.
Then it is easily verified that
In the following lemma we see that the linear combination of Lipschitzian fuzzy numbers is a Lipschitzian one, too.
Lemma 2.2 Let L > 0, λ = 0, µ = 0 be real numbers and letã,b ∈ F(L) be fuzzy numbers. Then
Proof. (i) From the equation (λã)(u) =ã(u/λ) for each u ∈ IR and (6) we have
Let u, v ∈ IR be arbitrarily fixed. We assume without loss of generality that u < v.
From the definition of addition on fuzzy numbers (2) it follows that there are real numbers u 1 , u 2 , v 1 , v 2 with the properties
Since from (8) and (i) we have
hence by (9)-(11) we get
Which proves the lemma. The following lemma that will be used in the sequel shows one of the basic properties of Lipschitzian fuzzy numbers.
Proof. Let t ∈ IR be arbitrarily fixed. It will be sufficient to show that
If t / ∈ suppã ∪ suppb then we obtain (12) trivially. Suppose that t ∈ suppã ∪ suppb. With no loss of generality we will assume 0 ≤b(t) <ã(t). Then either
must occur. In the case of 1) consider (6) with t and t ′ = a 1 (b(t)). Then from (7) and t = b 1 (b(t)) and (5) we have
In the case of 2) we haveb(t) = 0; therefore from δ ≥ D(ã,b) ≥≥ |a 1 (0) − b 1 (0)| and t > a 1 (0) we get
In the cases of 3) and 4) the proofs are carried out in a similar manner.
Stability in possibilistic linear equality systems
Generalizing the system (1) consider the following possibilistic linear equality system
whereã ij ,b i are fuzzy numbers. We denote by µ i (x) the degree of satisfaction of the i-th equation at the point x ∈ IR n in (13), i.e.
Following Bellman and Zadeh [1] the solution (or the fuzzy set of feasible solutions) of the system (13) can be viewed as the intersection of the µ i 's such that
A measure of consistency [2] for the system (13) can be
In many important cases the fuzzy parametersã ij ,b i of the system (13) are not known exactly [8] and we have to work with their approximationsã
where δ ≥ 0 is a real number. Then we get the following system with perturbed fuzzy parametersã
In a similar manner we can define the solution and the measure of consistency of the perturbed system (18)
where µ δ i (x) denotes the degree of satisfaction of the i-th equation at the point x ∈ IR n in (18). In the following theorem we establish a stability property (with respect to perturbations (17)) of the solution to the system (13).
where µ(x) and µ δ (x) are the solutions to the systems (13) and (18) respectively.
Proof. It is sufficient to show that
for each x ∈ IR n and i = 1, . . . , m.
Let x ∈ IR n and i ∈ {1, . . . , m} be arbitrarily fixed. From (4) it follows that
Applying Lemma 1. we have
where |x| 1 = |x 1 | + · · · + |x n |. By Lemma 2. we have
Finally, applying Lemma 3 we get
Which proves the theorem.
Remark 3.1 From (19) it follows that
where µ * , µ * (δ) are the measures of consistency for the systems (13) and (18) respectively.
Remark 3.2 It is easily checked that in the general caseã ij ,b i ∈ F the solution to the possibilistic linear equality system (13) may be unstable (in metric C) under small variations in the membership function of fuzzy parameters (in metric D).
Remark 3.3 Let X
* be the set of points x ∈ IR n for which µ(x) attains its maximum, if it exist. If x * ∈ X * , then x * is called a maximizing (or best) solution of the system (13). When the problem is to find a maximizing solution to a possibilistic linear equality system (13), then according to Negoita [6] , we are led to solve the following optimization problem max x n+1 ; x n+1 ≤ µ i (x 1 , . . . , x n ), i = 1, . . . , m, x j ∈ IR, j = 1, . . . , n.
(20)
Finding the solutions of problem (20) generally requires use of nonlinear programming techniques, and could be tricky [10] . However, if the fuzzy numbers in (13) are of trapezoidal form, then the problem (20) turns into quadratically constrained programming problem [5] .
Concluding remarks
In this paper we have shown that the solution and the measure of consistency of the system (13) have a stability property with respect to changes of the fuzzy parameters. Nevertheless,the behavior of the maximizing solution towards a small perturbations of the fuzzy parameters has not been described yet, i.e. supposing that X * = ∅, what can be said about the distance ρ(x * (δ), X * ) as δ ≥ 0, where x * (δ) is a maximizing solution of perturbed problem (18) and ρ is a metric in IR n .
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